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Classical scattering in Liouville field theory

I M Khamitovt
Alkor Technologies Inc, PO Box 116, St Petersburg 199155, Russia

Received 21 February 1994

Abstract. A detailed description of classical scattering in Liouville ficld theory (LFT} is
presented. Contrary to widespread belief, LFT scattering is shown to be non-trivial, although it
is finite-dimensional in some sense. In particular, for certain phase spaces, the LFT S-matrix is
tepresented as a transformation of the Poisson group SL(2, R). The completeness and conformal
invariance of the scattering are also indicated. Singular fields are treated on an equal footing
with regular ones, except that only the latter are given a consistent Hamilionian interpretation,
A pumber of unexpected peculiarities of LFT scattering are revealed. First, for some exceptional
field configurations, the asymptotic fields are not solutions of d’ Alembert’s equation, rather they
are a sum of the &’ Alembert and Licuville components, Second, the scattering occurs in ‘two or
three spaces’. And last, depending on the choice of the algebra of observables, the conventional
splitting of the d"Alembert field into leftward and rightward components is either in peneral
impossible or essentially non-unique.

1. Introduction

It is widely believed that there is no scattering in Liouville field theory (LFT) {1-5]. This
belief, however, is in direct contradiction to some of Dzhordzhadze’s results on the classical
Liouville equation [6]. For convenience of discussion, we shall formulate the relevant part
of Dzhordzhadze’s paper in the following form.

Proposition [6). Let ®(z, x) € C2(R?) be a real solution of Liouville’s equation:

O¢+4e** =0 D—E-z--a—z (1.1
- T ez axt |

For this solution, define a tangent field A. (¢, x) by the following conditions (7 is a real

parameter):

(N for all T € R, A; € C*(R?) and DA, =0;

(2) Ac (T, x) = ®(1, %), £ Aclt, X)eme = £ P, )= . (1.2)
Then

(1) for atl {2, x) € R? there exist limy_,aoo A (t, ) = Ao (1, x);
(2} A::t (3 Cz(Rz) and DAO;;! =)
(3) A 7 Ao i.e. the S-matrix always differs from unity.
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The authors of the paper [3] disagreed with Dzhordzhadze and claimed that the classical
LFT S-matrix was trivial, but their argument was indirect, i.e. not based on investigation of
the spacetime behaviour of the fundamental field <, and hence inconclusive. On the other
hand, we have checked Dzhordzhadze’s assertions and found them to be perfectly corrrect.
Basing ourselves on our previous work [7], we describe here the LFT classical scattering,
as well as its Hamiltopian interpretation, in more detail. The quantum scattering will be
discussed in a subsequent paper {13].

We have found the LFT classical scattering to be non-trivial, complete, and conformally
invariant. Since the conformal transformations may connect the states of arbitrary energy
and momentum, the last property (conformal invartance) implies that the scattering is purely
internal, i.e. independent of energy and momentem. This tempts one to conclude wrongly
that the S-matrix is unity, the more so as the fundamental field is scalar, One should not
fall into this irap. Perhaps the most interesting result is that the LFT scattering is essentially
finite~-dimensional, and, for some phase spaces, it is possible to represent the S-matrix in
a particularly simple form as a transformation of the Poisson group SL(2, R). Also, three
curious phenomena are worthy of note. First, for some exceptional field configurations,
the asymptotic fields are not solutions of d’Alembert’s equation, rather they are a sum of
the d"Alembert and Liouville components. Second, the scattering occurs in ‘two or three
spaces’ (see comment 3 below). And last, the conventional splitting of the d”Alembert field
into leftward and rightward components is in general impossible if some natural algebra of
admissible functionals (observables) is used. Also, after natural extension of the admissible
algebra such splitting becomes possible but essentially non-unique. Now some comments
on the above proposition.

(1) Note that no restrictions are imposed on behaviour of the fundamental field & at
spatial infinity. We shall impose some natural boundary conditions, which, among other
things, allow the Poisson structure to be introduced [7).

(2) For singular solutions [7-10], the above proposition cannot in general hold true,
e.g. the following solution
2jx — vt —¢q|

T
exhibits no scattering. This is rather an exceptional behaviour, We shall treat the singular
solutions on an equal footing with the regular ones, except that only the latter will be given
a consistent Hamiltonian interpretation. Due to our choice of the phase spaces of the model,
the singular solutions always exhibit non-trivial scattering. Solution (1.3) is not a counter-
example, because it does not belong to any of the adopted phase spaces. Nevertheless, this
solution will emerge later on, but as a part of the asymptotic field for some exceptional field
configurations.

(3) The asymptotic fields are also uniquely fixed in the present context by the following
limiting relation, which we shall exploit in the main body of the paper:

¥x,0eR,|v g1 Erliglw | ©(, x + vt) — Aﬁt(t.x +v)f=0. (1.4)

@, x)=— log g,veER, v <l (1.3)

This asymptotic condition permits avoiding the introduction of the tangent field A;. The
reason for A; being unwanted is as follows: the boundary conditions and singularities which
are appropriate for the Cauchy data for d’ Alembert’s equation differ from those appropriate
for the Canchy data in LFT, so the equalities (1.2) appear to be inconsistent. One can
interpret this situation in terms of the scattering in ‘two spaces’. Moreover, for some phase
spaces, the set of in-fields does not coincide with the set of out-fields, i.e. for these LFT
phase spaces, scattering occurs in ‘three spaces’, in which case it is impossible for the
S-matrix to be represented in the abovementioned simple form.
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2. Asymptotic fields and the S-matrix
We begin with the description of the field configurations for which scattering will be studied.

The details can be found in [7]. Let ¢(x) and 7x(x) be the Cauchy data corresponding to
the solution P(z, x), i.e.

3
plx) = ¢@0, x) n{x) = Fy (1, x)

=0

It is easier to describe all the conditions imposed on ¢ and 7 in terms of two potentials

v = (2022 n(x))z (e nm)' o, 1)

2 2

First, it is required that Uy € S(R), where S(R) is a real Schwartz space consisting of real
C*-smooth functions of x € R that fall off with all their derivatives more rapidly than
any power of x~! as |[x] = ©0. Second, both potentials I/; must not possess a virtual
eigenvalue. To make these requirements more exact and facilitate further considerations it
is convenient to introduce some notations,

Schrodinger’s equation — f"(x) + U{x) f(x) = 0 with U € S(R) possesses solutions
exhibiting the following asymptotic behaviour:

Pix)=14+s_(x)=a+ Bx+5.(x)
(2.2)
xi(x} =9 — px+s_(x) =1+ 85:(x)

where &, 8 and # are some x-independent constants (depending on U7), and a notation similar

to o(x) is used: let n(x) be a real C* function such that n(x) =0if x < 0, and 5(x) =1

if x > 1, then for f & C®(R), the equality f{x) = s5..(x) means that nf € S(R), and

f(x) = s_{x) means that f(—x) = s;(x). For example, tanhx = 1 +5;.(x) = —1+5_(x).
Define some subsets of S(R) (#n =0, 1,2,... )

M,,={U

For the potential U € | 52, M,, one can define another two solutions of Schrodinger’s
equation by the formulae

Px) = BT x () =[BT x). (2.4)

Consider a set

U € S(R), the solution ¥, comresponding to U is ] 23)

unbounded, i.e. B $ 0, and has exactly n zeros

=}

M= | M., x M,_x PSL(2,R) (2.5)
Ay =0
#—=0

where PSL(2,R) = SL(2,R)/{£id}. M is an open and disconnected subset of
S®)xSRYx PSL(2, R), the triples (U, U_, T) being its points (the quantities introduced
above and corresponding to the potentials I will now acquire the ‘L’ indices). Now define
an injective mapping from M into field configurations

Ji WU, U, T) = (m,9) (2.6)
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as follows. If Uy, U_, and T are given (Ux € M,,), then

@(x) = — log [ (x)}TQ_(x)|

Q) ()TQ-(x) = Q4 (x)TQL(x) 27

J'L'(x) = —
2.(x)TQ_(x)
where
Q400) = (X400, (=)™ ¥r1.(x))
=1y (2.8)
Q) = (( 1) 1Jr-(x))
X-(x)

and the element T € PSL(2, R) is regarded as a 2 x 2 real matrix (i 2), ad—bc=1.

The scattering will be studied for those field configurations which constitute the image 7
of the mapping J.
The Cauchy data (2.7) generate a solution to the equation (1.1) of the form

D(¢, 1) = — log |2, (rH)TR-(x7)] 29

where the cone variables x* = x are used. Note also that the solution (1.3) corresponds to
the potentials U (x} = 0, which have virtual eigenvalues, and hence, this field configuration
is not allowed.

Now we are in a position to introduce asymptotic fields. For given U, € M,, and

T = (i b), ad — bc =1, define

d
— log |2, DT (é) a~'(1, O)TSZ_(x‘)‘ ifa#0
Aty x) = o ot (2.10)
— log ¥ () xo1r)] — log 'L—”-L;?ﬂl fa=0
1- Vin
— log|Q,. T (?)d"(ﬂ, DTS (x7) ifd#0
Aouls, 3) = @11)
— log It YY1 (x )] = log 2 :/lﬂ"_:‘__:é;tq"“" ifd=0
where
iB-1 — b B4 (=)™ 8.7 — (—1)"-a_ + bd
= o = 2,12
TR EW TN TARTErN @12)
B*B_| — 1B+ (=1)*-8_b* - (— 1)+, + ab
_ A1 — 184 = 2,13
= A 18] P+ 18] >

Note that if a = 0, then A;, does not solve d’ Alembert’s equation because of the term of
Liouville type (1.3). The same is true for Aqy when d =0,
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Proposition. (1) If ®, A;y, and A,y are given by (2.8)-(2.13), then the asymptotic condition
{1.4) is satisfied for all x,v € R, |v] £ 1, except for a finite number of pairs (x, v) that
correspond to the straight lines of singularities of A;, and Agy.

(2) The asymptotic condition (1.4} defines uniquely the d’Alembert components of A;y
and Agu, as well as the parameters vip. @in» Vow, and gop, which specifies the Liouville
components of Ay, and Agy.

The proof is a mere use of the asymptotics (2.2) and definitions (2.4), (2.8)2.13).

The singular lines of Aj, are nothing but asymptotes for the singular curves of @ when
t — —co. Likewise the singular lines of A, serve as asymptotes for the same curves
when ¢t — +oc¢. Explicit description of the boundary behaviour and singularities of the
asymptotic fields may be found in appendices A and B.

Formulae (2.10)~2.13) define two mappings: from A into the set of in-fields, and
from M into the set of out-fields,

Byt (Us, US, T) = (g, ) (2.14)

Here and below |t stands for either *in’ or *out’, and the zero-time fields

]
wnlx) = A:(0, x) my(x) = 3 Ap(t, x)
t =0

are introduced. Both the mappings are injective. Indeed, for given my and ¢y, the potentials
U, can be obtained as follows:
' 2 i !
Us(x) = (M) - (M) (2.15)
2 2
(if the Liouville component is present, it must be dropped), then the matrix T can
be extracted from the formulae describing the boundary behaviour of =y and ¢ (see
appendix A).
Denote the image of Jy as Fy. For the reasons mentioned in section 1, F N Fy = @,
i.e. scattering occurs in more than one space. Further, although the types of possible
singularities of in-fields and out-fields are the same, their boundary behaviour may be of
different types (see appendix A), i.e. Fin # Four. The intersection Fex = Fip N Fouy can be
described as follows:

Iy N (Fe) = (U4, U-, TY € M | abed # 0} = My (2.16)

Thus, for the fields in J(M)p), the scattering occurs in two spaces, otherwise in three.
We may now introduce the wave operators and S-matrix:

Wy=JoJ i Fy> F (2.17)
S =Wt 0 Wi =Jow o I ¢ Fin = Four- (2.18)

out

All these mappings are bijective, hence the scattering is complere. To discuss other properties
of these mappings let us designate as Ej, E* and Ej the time evolutions in the sets M, F



7222 I M Khamitov

and Fy,, ie.

EYU+(x), U_(x), T) = Us(x + 1), U-(x = 1), T)

Ef(m(x), p(x)) = (% &1, x), ¢, x)) (2.19)

d
Ej(my(x), gy(x)) = (5 Au(t.X),A:(t,x)) .
By definition, they are related as follows:
E'0J=JOE6 EEOJH=J*:°E(‘)- (2.20)

This, together with the definitions (2.17), (2.18), leads to the standard inter-twining property
of the wave operators and the S-matrix:

E'oWy=WyoE, El,0S=S8okE,. 221
The insiders’ favourite way of introducing wave operators is to use the limit of the type
Win= lim E¥olocE (2.22)
P —0Q

where I : Fi, — F is some identifying mapping, more or less natural. The most direct
choice for I is W, itself. In this case the limit {2.22) becormes trivial (and oseless) by virtue
of (2.21). We suspect that there is no other natural or useful choice for 7.

The time evolution is only a small part of the conformal group of the two-dimensional
Minkowski space M2, which is a symmetry group of Liouville’s and d’ Alembert’s equations.
In [7] we used a maximal conformal group @ = D x D that consists of the mappings
F : M? — M of the form

xt =yt = Ft(xh) X"y =F(x7)
F* ¢ D = {G|G e DIff P(R), G" € SMR)}

where the cone coordinates on M? are used, and Diff T(R) designates the group of
orientation-preserving C* diffeomorphisms of R. The intertwining properties (2.20), (2.21)
can be generalized to include conformal transformations. Namely, for F = F* x F,. € &,
we have

Ef oWy =Wyo Ef Ef oS=SoEf. (2.23)
These are a consequence of

EFcJ=JoEf Efody=Jyo Ef.
The F-evolutions are defined as follows:

EF (U (0), Uo(0), T) = (U (%), UF (x), TF)

EF(n(x), p(x)) = (3 OF(r, %) .d»F(o,x))

at

=0

Ef (m@), p:(x)) = (%Ag‘(:, x) , , Af (0, x))

=
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where [7]

PFE@Y _ (FE@ Y
28 F%(x) 20F%(x)

1 1 -1
— 0 — 0 3Fi(+) i/4
TF=|r: T{"- ri= ( )
( 0 ?'+) ( 0 ) OFA(=)

r_

ULx) = Up(FE))@F*(x))* + (

(here an abbreviation of the kind 3G (x) = lim,_, 1. 3G (x) is used), and in the cone
variables

PF(xt, x7) = SFTET), F-(x 7)) + 5 log@F* (x™)aF ™~ (x™)).

The asymptotic fields A, are transformed in the same way as ¢ when the Liouville
component is absent. The response of Ay to the conformal transformation in the presence
of the Liouville component is described in appendix C.

High symmetry of the S-matrix (2.23) suggests that it must be simple in some sense.
However, it is rather senseless to speak about the simplicity of a mapping that connects
different sets (e.g. Wy). So let us restrict the S-matrix to the set Foy (2.16) to obtain an
auto-transformation. Then the mapping §’ = J-} 0 S0 Jip = Jo' o Jow : Mo — M appears
to have a remarkably simple form

S,(U-!-» U-—v T) = (U+’ U—-’ SI(T)) (2-24)
where
a b
(= ( )
o
(2.25)
be 14 be
f__ f — g =
b=b ¢ =c a [+ be a a be d

This is the very representation of the S-matrix as a transformation of the group SL(2, R)
promised in section 1. It is easily seen from (2.24), (2.25) that 5’ has no fixed points, so
the full S-matrix (2.18) is non-trivial for any field configuration.

It 15 not difficult to extend the above constructions to cover the field configurations
corresponding to the potentials U, possessing the virtual eigenvalues. The reason for our
excluding such potentials is that in this case we are able to embed the above results in the
context of Hamiltonian theory.

3. Hamiltonian interpretation

In this section we show that the LFT Poisson structure [7] may be considered at the same time
as a Poisson structure of d"Alembert’s equation, so that the asymptotic fields are locally
commutative and canonical. An essential constituent of the LFT Poisson structure is the
second Kdv Poisson structure. Let us begin with the description of the latter.

For V € S(R), let

&f

dvf = f V()
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be a directional derivative of a C!-class functional f : M — R, M C S(R). Introduce also
two more differential operators

a af
x—>d:oo ax U (x)

in those cases where this limit makes sense and exists, For example, this is the case if
(82/8x2)(8f/8U (x)) € S(R) as a function of x.

Let f be a real functional defined on an open set M C S(R). We write f € O/(M) if
the following recursive conditions are fulfilled:

(1) f is a C! functional with respect to the variable U € M; (82/8x2)8f/8U/(x)) €
S(R) as a function of x, and condition 2 below is satisfied;

(2) the functionals dyf, d_f and dyf, V € S(R) satisfy condition 1 above,
(d:d_ —d_d,)f =0and forall V¥ € SR) (dody —dyds)f =0.

If the equality (d,.d. — d_d,)f = 0 in condition 2 of this definition is replaced by
(dy — d_)f =0, then we obtain a definition of O"(M) C O'(M).

The Kdv Poisson bracket is defined on the algebras of admissible functionals O'(M)
and O"(M) as follows:

{figt=(f)+{fig)+ 5{(fig) (3.1)

g Y [ & \ d&
(fig)= fde(") [3(;( ) (3{](;;)) B (w(x))auu)]

{f.g) = fdx [(5[}(;;))” (Slffx))’ B (B;J(;) )f (%)”]

{f g =drfdg—d_fdig

The last term in (3.1) vanishes on the algebra O"(M).

The functional f{U/,, /_, T) defined on the space M (2.5) is said to be admissible
in the sense O x @ (or @ x O") if it is O'-admissible (O"-admissible) with respect to
the first and second arguments, and various “partial’ derivatives exist and commute, The
overall Poisson bracket is defined as follows:

af
{(figt={figh—1{f g +U(3T®3T{T?T})

def =

where

a” 3
+o(f@EM+tr —(f@ ®3§,) G2
where {+, «}x is the Kdv Poisson bracket (3.1) with respect to U,

af of

92 e b
f _| 8a 8¢ T = ("'1-r )
8T y g ¢ d

8b ad

.,
]

3.3

Y

{T¢T}=[r.T®T]

o o o -
o |
o
|
|l
— 0 E D
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(the square brackets designate the matrix commutator),

0o 0 0 0
p v v g

= (3.4)
—p -v —-u —q

0 s =5 0
00 00 1 0
2= ( ) @ (hieT +hyTo)+ ( ) @ kioT +kTo) o= ( ) (3.5)
1 0 01 0 -1

(nine non-dynamical real parameters p, ¥, v, g, 5, #11, hz, k1, k2 appearing in (3.4), (3.5), are
specified in [7]), and lastly the ‘cap’ operation is defined as follows:
. (Dif Dif)
D;f DIf

(the upper ‘L’ correspond to the indices of Uy ). The last two ‘trace’ terms in (3.2) vanish
for the functionals from ©” x (", and hence in this case no parameters participate in the
definition of the Poisson bracket. The formula (3.3) alone equips SL(2, R) with the structure
of the Poisson Lie group.

The bracket just described is degenerate [7]. To obtain a non-degenerate Poisson
structure one shouid single out from A a particular phase space, i.e. a minimal set invariant
under the Hamiltonian flows. Note that the splitting of M into phase spaces depends on
the choice of the algebra of admissible functionais.

The functionals ey and #; (2.2) are not admissible; Bz, ¥41(x), x+1(x) are admissible
in the sense ' x (O; T and £2..(x) are admissible in the sense O x (" (it is implied that
x-dependent quantities should be ‘smeared’ by the test function from S(R)). It is now clear
that we must exclude from our consideration the field configurations having the Liouville
component, because g4 depends on a4 and ¥4 . This is not the whole story. After having
a look at (2.10), (2.11), one could expect that my, ¢y are 0" x (O"-admissible. This is
not exactly so. When my, ¢ have singularities, the variational derivatives of their smeared
versions are not smooth, contrary to our definition of admissible functional (the singularities
of variational derivatives are of the same type as those of variational derivatives of =, g,
see [7]). An even worse problem with the singular fields is that of non-positiveness of the
Hamiltonian {7, 11, 12], More exactly, the Hamiltonian of the model is positive only on the
phase spaces that are subsets of My > My x PSL(2, R) [7]. All non-singular fields enter this
set and are characterized by an additional condition: a,d > 0, b,¢ 2 0. In what follows
we assume that only non-singular fields are considered, so that the smeared versions of my,
@y are O x O"-admissible. However, for the sake of brevity, we shall be omitting the
smearing.

Now we are going to demonstrate that the brackets

{Asxt,x7), AsyF, y ) = Ssign Gt — yN) — Lsignx™ —y7) (3.7

which are appropriate for the d’ Alembert fields, are indeed valid. The starting point is the
bracket (3.3) together with the following ones [7]:

{2 ()2 QN = Q4 (x) @ 2+ (Mp(x — ¥)
2.2 (M}=—px - N2_(x) @ 2_(») (3.8)
[Qi(x)®Q_(»} =0 [Q:(x)®T}=0

Df =d{? +d* DI =d{? +d? (3.6)
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where p(x) = rT0(x) — rf(—x), 8(x) being the step function: 8(x) = 1 if x > 0, and
(x) 4+ 8(—x) = 1. The first two brackets in (3.8) possess a remarkable property of
invariance under the action of the Poisson group SL(Z, R), ie.

2 )T2QMTI=Q:NT @ QL (MNTe(x — )
(3.9)
{TQ_()®TQ_(3)} =—plx —y)TQ_(x) ® TQ2_(¥).

For definiteness, we now restrict our constderation to the in-fleld A;; . The out-field is treated

1)® (1) and the row (1,0) ® (1, 0) are eigenvectors of

in the same way. The column (0 0

the matrix p(x), i.e.

e (o) =tsme( ) ()
= Zs1gn{x

p(x)(o o) T8 (o 0
(1,0)® (1,0p(x) = 4 sign (x)(1,0) ® (1, 0).

After convolution of these eigenvectors with the row and column (3.9) we obtain

Ilog SQ.(0)T (é)‘ ,log

QT (é)'} = ;sign(x —y)

(3.10)
{log|(1, )T Q_(x)|, tog |(1, OTQ_ (]} = — I sign(x — y).
Another bracket we need is
[log Q)T ((1)) %I ,log %(1,0)’[’9-()})” =0. (3.11)

A pon-zero result in (3.11) might arise only from the Poisson brackets between the matrix
elements of T. Note that the left multiplier depends on T via the combination ¢/a, whereas
the right one via b/a, hence (3.11) is a consequence of the bracket (¢/a, b/a} = 0. After
due rearrangement the bracket {Ain(x™, x7), Ai(y*, y™)} amounts to a sum of the brackets
(3.10), (3.11), and we obtain (3.7).

The transformation (2.25) preserves the Poisson structure (3.3) on SL(2, R}, but it is not
defined everywhere in SL(2, R). We are interested, however, in the scattering transformation
for particular phase spaces. Let us describe those of them for which the fields are non-
singular (i.e. necessarily Uy € Mp). Consider first the admissible algebra Q" x O”. In
this case the phase spaces coincide with the symplectic Jeaves of (3.2), which in turn are
completely determined by the symplectic leaves of PSL{Z, R).

(1) >0, a > 0, c = xb (the non-dynamical constant x > 0 is a label of the leaf);

Db>0,c=0,a>0

3b=0,c>0,a>0; .

(4)b =c =0,a = const > 0. This is a zero-dimensional leaf of PSL(2, R) labeiled by
a, which may be here regarded as non-dynamical (the leaves (1)-(3) are two-dimensional).

Let, now, the admissible algebra be O x @, In this case the symplectic leaves of (3.2)
are no longer determined by the leaves of PSL(2,R). Morcover, in [7] different sets of
parameters that appear in (3.4), (3.5), and come now into action, were used for different
leaves to obtain phase spaces that admit the Hamiltonian representation of the conformal
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algebra A (equal to the Lie algebra of the conformal group ®). We assume that the set of
parameters have been chosen for a particular phase space in the same way as ir [7]. Thus
these phase spaces cannot be considererd as symplectic leaves of some overall Poisson
structure. The following are the phase spaces corresponding to the non-singular fields.

Db>0,¢c>0,a>0,

Db>0,c=0,a=>0,

MNb=0,c>0,a>0

#) b =1c=0,a >0 (note that a is here a dynamical variable, not just a label, as in
the analogous item above).

The scattering transformation (2.25) is a smooth symplectic auto-transformation of the
phase spaces of type (1). For the spaces (2)(4), the S-matrix cannot be represented in the
simple form (2.24); and for the other spaces, fundamental fields are singular.

4. Left- and right-movers

The conventional way of studying the d’Alembert field A(z, x) is to split it into the left-
and rightward components

A, x)=A(x+1)+A_(x—1) (4.1)
50 that the left- and right-movers possess the following Poisson brackets:

{Ax(x), Az ()} = £ sign(x — y) {A4(x), A_(y)} = const. (4.2)

The free field bracket (3.7} is a consequence of these, but not vice versa. The constant
in (4.2} is not assumed to be absolute (non-dynamical), i.e. it is not necessarily a central
element of the Poisson structure; however, a more traditional choice for it is zero.

Let us discuss the splitting problem (4.1), (4.2) for the non-singular in-field desecribed
in the previous sections (the label ‘in’ will be omitted). In section 3 we agreed that the
admissible algebra @ x O was sufficient for satisfactory Hamiltonian description of the in-
field, in particular, we managed to reproduce the correct free-field bracket (3.7). A striking
result is that, for the algebra O x &, the splitting (4.1}, (4.2) is only possible if bc = 0,
and all solutions have the following form.

ifb>0,¢=0,then

A(x) = = log{x+(x)| + G(Q) a
Q=2mqu
A_(x) = - log |(1,0TQ2-(x)| — G(Q)

Throughout this section G denotes an arbitrary smooth non-dynamical function of the

dynamical variable(s) indicated.
Ifb=0,¢>0,then

Ai(x) = —log

1
QT ( )‘ + G(Q)
0 Q=2m4§y

A_(x) = —log|¥-(x)}| — G(Q2)
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If6=0, ¢c=0, then
Ap(x) = —log |x4(x)| — $loglal + G

A_(x) = —log|[¥_(x)| - Lloglal - G.
Recall that in this case a, as well as G, is an absolute constant,

Let, now, the admissible algebra be @' x . In this case the splitting (4.1), (4.2) is
always possible, but the extent to which it is non-unique becomes greater. In what follows
we shall be using the following combinations of the parameters participating in the definition
of the Poisson bracket (3.2)-(3.6):

j=hi+h-p+v I=ki+k—u+g
m=h1—h2—p—u n=k1-k2—u—q.
For the admissible algebra ¢ x ¢, all solutions of the splitting problem (4.1), (4.2) have

the following form.
Ifb >0, c> 0, then

Q. ()T ((1))

(mlog|fs| + nlog|B-1} + G{N1, Nz, Q)

im + In
+ liogla| + 12

A+(x) =- IOg m2+n2

log jbe|

_Emz+n2
, jm+in

" log |&¢|

A_(x) == log (1, )TQ_(x)] + }loglal -

1
+ %m'*"_-i-nl (mlog|Byl +nlogl|B-l) — G(Ni, N2, Q)

Ny = —nlog|p.l + mlog |B-| + 2(jn — Im) log |bc|

b be
Ny =log Q:—log;.

c

Note that m? + 2 # 0 if the parameters of the Poisson bracket are chosen as in [7] (when
m? + n? = 0 the splitting we are looking for does not exist).
Ifs>0,c=0, then

Ay (x) = — log x4+ ()| + G(Ny, N2, @)

A_(x) = = log (1, O)TQ_(x)| — G(M, N2, Q)

a
Q =2log|g| .
Ny =log|B.| +4mloglal — 4jlog|b|
Nz =log[B-} + 4nlog|a| — 4l log |b]|
¥b=0c>0,then
A(x) = — log |2, (x)T (é)' + G(Ny, Na, @)
A_.(X)= -IOgiW-(XN"‘G(Nl- NZr Q) Q=2108|%l .

Ny =log[B4] — 4mlogla| — 4jlog|c|

N2 =log|8_| —4nlogla| — 4ilog|c|
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fb=0,¢c=0,then
A (x) = — log | x+ ()] — 3 logla] + G(I1, Nz, @)
A_(x) = — log [¥-(x)| — } logla| — G(N1, Na, @)
Ny =logla]  Np=Ilog|B:| — jlogifp-|

1 ,
Q=-3 TR (log|B+| +1log|B-).

Note that j2 + 1% % 0 if the parameters of the Poisson bracket are chosen as in [7] (when
72+ 1% = 0 the splitting also exists, but we do not describe it here).

In all cases considered, the function G must not depend on @ if one wants the constant
in {4.2) to be zero. Also, in all cases the functionals N, and N, commute with the free
field, and Q generates shifts of it, i.e.

{M, A, )} =0 {No, AL, x)} =0 2. A, )} =1L

Moreover, N; and N; are the only independent functionals that commute with the
fundamental field ¢:

{Nh ‘D(t’x)}:O {NZ! (D(I!x)}:()‘
Being a purely infinite-dimensional effect, this by no means contradicts either non-
degeneracy of the bracket or the fundamental character of the field ¢.
Appendix A

Boundary behaviour of A,
(llc#0, a0

Ain(t, x) = = log(BE|(x — g)? ~ (¢ — 1Y) +54.(x)

1314+ —1\h-
q;;_l_rii_:_( 1Y*+a, +a/c q{;—qf,’=—( D-a_ +b/a
1B+ 1B8-1

B = lcl|B+B- "2,
D=0
Aint,x) = — log(Bi1x — t — g1} +54.00)

B
B+

PNe#£0, a#0=
Ain(t,x) = — log(Bi(x — q)” ~ (t = 75’1} + 5_(x)

12 gt == et b/
. 18-

B} =|af

T o i S L - DYoo talb
Gip + -“'in - |ﬁ+| din T [ﬁ—[

B = |blIB+8-|'.
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(4) b =0 >

An(t, xy = — log(By [x 4+t ~ g I} + 5_(x)

12 .
B = la| B+ Gin = (=D™d, +c/a .
B- 18+1

() a=0

At %) = — log(BE[x & 1 — g¥]) — log 22—V —dinl o oy

1-202
B:h = |Ba = _ O‘.’_+ = E
1o |ﬁ l qﬂl 6+ qlﬂ ﬁ_

{vin and gy, are given by (2.12)).
Boundary behaviour of Agy.
(Dcs#0, d £0¢—

Aoult, x) = — log(Bfl(x — g3)? — (t — T30 + 54.(x)

(~D™as+b/d . (=De.+djc

P
+ T D o — - T —_ —
qull oul ’ﬁ+| Qmu: out ’ﬂ—-[
out IC”ﬁ'I-ﬁ Il/2

(2)ec=0
Aﬁut(t! x) - log(Bom |x + t— Q;;:D + S'§' (x)
2 —D™ay +bjd
B =|d||=* ‘B+ 451;1::"%'
B- 1B+1

NL£0, d#£0—
Aon(t, x) = — log(Br|(x = go)* — (¢ — to)*D) + 5-(x)
(=19, +d/b e =D™9_tcjd

Tout T Tou = TA Tou = Tout = T
By, = |b]|B+B-2,
BDb=0+
Aou(t, x) = — log(Boylx — 1 — gou,) + 5-(x)
sl e S
B d=0

2)x — vout — Goul

2
— Vo

Aoult, x) = — log(BL|x Tt — g,y - Io

o - 1?+
uut Iﬁ?' q(-;l-.ll == ﬁ_—- Gout = E

{(Vour and gou are given by (2.13)).

+ 5:(x)
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Appendix B

The zero-time in-fields defined in section 2 may have a finite number of singular points.
They may be of the following types only:
¢y

1 -, .
$in(x) = — log [x — g| + @(x) Tin(x) = — patsi @ (x) + 7w (x)

where 7, ¢ are C*®-smooth in a neighbourhood of g, and 77 (g) = 0. The singular point
x = g generates a lightlike singular line of A, sloping to the left (it is assumed that the ¢
axis is directed upwards and the x axis rightwards).

(2
1
Pin(x) = — log |x — gl + §(x) Tin(x) = x_——q + @' (x) + fE(x)

where 7, ¢ are C®-smooth in a neighbourhood of ¢, and #(g) = 0. The singular point
x = g generates a lightlike singular line of Ay, sloping to the right.
(3

@in(x) = —2log|x — g| + ¢(x) Flg)=0 Tin(g) =0

where &, as well as mjy,, is C®-smooth in a neighbourhood of g. The singular point of this
type generates two lightlike singular lines of A;,, which intersect in the point x = g at the
instant t = 0.

)

Vin

2
gin(x) = ... —log ———— Tnlx)= ... +
11 ) g ,v—'“"""—luv;?;: n x—qm

where the dots stand for either some arbitrary smooth (in a neighbourhood of gi,) functions
or one of the preceding formulae for the singular behaviour of ¢, and 7, (with ¢ replaced
by g;). There may be only one singular point of this type, and if it is actually present,
then the in-field must have the boundary behaviour of type 5 (see appendix A) with the
same gin and v . The singular point of this type generates a timelike singular line of Ay
characterized by the velocity vy, . It also generates lightlike singular lines if the dots in the
above formulae represent non-smooth functions.

The out-fields may have a finite number of singular points of the same types.

Tables Bl and B2 show the number of singular lines of A;, and Ay as a function of
T. It is assumed that Uy € M,, .

Table B1.
The number of singular lines of A

Lightlike Lightlike
T sloping to sloping to Timelike Total

the left (\) the right ()
=0 ny n. 1 tet+n_+1
a>0,b20c20 ny n- 0 netn_
a>0,b20c<0 ng+1 n. 1] ftetn_+1
a>0b<0,c20 ny n.+1i 0 e tn_+1
a>0,b<0c<0 ny+1 n.+1 0 ne+n_+2
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Table B2.
The number of singular lines of Agy

Lightlike Lightlike
T sloping to sloping to Timelike Total

the left {\} the nght ()
d=10Q ni n. 1 . +n-+ 1
d>0,bz0,c20 ny n_ 0 ny +n-
d=>0b20,c<0 "y n.+1 0 ny+n-+1
d>0,b=<0,c20 e +1 n_ 0 ny+n-+1
d>0b<0c<0 ny +1 n.+1 0 Ry tn-+2

Appendix C

The ingredients of A, (when a = 0) and Ay (when d = 0) are transformed under conformal
transformations as follows:

aFt(—)\'?2

F _ +

Y (x) = Y (FE () (__aFi(x)

aFE(+) )"
F _ &
Xi1(x) = xx1 (F=(x)) (_ﬂBFi(x)
in = AT — AT
vil:: = Y=V v = _,_;__i
I — v AT + A7

P 2gin — BY ~ BY + via(BY — BY)
" AT 4 AT —up(AT — AD)

o = Vou — H #=AI—A:
I AT+ A
F _ 2gow— B — BZ + vou(Bf — BD)

tht -

AT+ AT — v (AT — AD)
where As and Bs are defined through F as follows:

F*(x) = Alx + B +s:(x) F=(x) = Azx + BI +s5.(x).
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